Surface waviness is one of the main geometrical errors in ball bearings. Time-varying contact stiffness excitations (TCSEs) produced by the uniform and nonuniform waviness on races of a lubricated ball bearing cannot be accurately described by the previous uniform waviness models considering the time-varying displacement excitation (TDE) in the literature. To overcome this problem, a new dynamic modelling method coupling both the TDE and TCSE produced by the uniform and nonuniform waviness on the races of a lubricated ball bearing is proposed. Effects of the amplitude and nonuniform distribution of waviness on the contact stiffness between one ball and races of the lubricated and unlubricated bearings are investigated, as well as vibrations of the bearings produced by the uniform and nonuniform waviness. Numerical results show that the proposed model can describe the TDE and TCSE produced by the uniform and nonuniform waviness on the races of the lubricated bearing, which cannot be described by the previous uniform waviness models. The results also show that the peak frequencies of spectra of accelerations of the bearing with the waviness will be changed by the lubricating film oil. It seems that the proposed model can provide a new dynamic modelling method for formulating the vibrations of a lubricated bearing with the uniform and nonuniform waviness on its races.
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INTRODUCTION
Surface waviness in rolling element bearings may be produced by manufacturing errors. 1 When the waviness occurs on the races of a ball bearing, vibration performances and fatigue life of the bearing would be significantly affected due to the changes in the contact forces between the balls and wavy races. 1 Therefore, it is useful to investigate vibrations of the bearings with the surface waviness for their quality inspection and condition monitoring.
Many works have been developed to investigate vibrations of rolling element bearings produced by the waviness on their races. Tallian and Gustafsson 2 investigated vibrations of a rolling element bearing due to the waviness. Wardle 3 studied the secondary bearing-introduced vibration due to the waviness of races as well as balls. This work includes all forms of waviness as it is measured. Choudhury and Tandon 4 developed an analytical model to study vibrations of a rigid rotor system supported on rolling element bearings due to the waviness. Lynagh et al. 5 presented a theoretical model to calculate vibrations of an angular contact ball bearing in a high-speed routing spindles due to the waviness. Vafaei et al. 6 investigated the effect of all forms of surface defects as well as waviness through vibration monitoring using the auto-regression moving average method. Wensing and Nijen 7 proposed a new method to describe the time-dependent stiffness and mass properties of a rolling element bearing application in an efficient wavy. Vafaei and Rahnejat 8 used the wavelet method to obtain all sources of vibration contributions, repetitive or not, including those of non-sinusoidal nature. Jang and Jeong 9 developed a dynamic rigid rotor model to investigate principal frequencies and their harmonics of vibrations of an angular ball bearing due to the waviness. Sopanen and Mikkola 10 presented a dynamic model to analyse vibrations of a rigid rotor system supported on ball bearings due to the waviness and a localized defect. Harsha et al. 11 investigated nonlinear vibrations of a rotor bearing system due to the waviness. Bai and Xu 12 developed a dynamic model to analyse vibrations of a rotor system supported on ball bearings due to the waviness and radial clearance. Babu et al. 13 developed a dynamic model to study vibrations of a rigid rotor system supported on lubricated angular contact ball bearings due to the waviness and frictional moments. Xu and Li 14 proposed a dynamic modelling method to analyse vibrations of a deep-groove ball bearing in a planar multibody system due to the waviness. The above literature shows that most of the previous works were focused on investigating vibrations of the rolling element bearings due to the uniform waviness. In their works, the waviness was defined as a sinusoidal function, which only considered the TDE and time-invariant contact stiffness excitation produced by the uniform waviness on the races. However, the contact stiffness between the ball and wavy race is a time-varying value since the curvature radii at the contact point between the ball and wavy surface will vary with the position of the waviness as shown in Fig. 1 . Although some previous works investigated vibrations of a lubricated bearing with the uniform waviness on its races, the vibrations of the bearing with the nonuniform waviness were not studied. Hence, it is useful to develop a new dynamic modelling method for the vibration analysis of a lubricated bearing with the uniform and nonuniform waviness on its races.
In this study, a new dynamic modelling method coupling the TDE and TCSE produced by the uniform and nonuniform waviness on the races of a lubricated bearing is proposed. Effects of the amplitude and nonuniform distribution of the waviness on the contact stiffness between the ball and races are investigated. A fourth-order Runge-Kutta numerical integration method with a constant time step is applied to calculate the vibrations of the bearing due to the uniform and nonuniform waviness on its races. The proposed model is applied to investigate the effects of the maximum amplitude and nonuniform distribution of the waviness on the vibrations of the bearing. Numerical results show that the proposed model can describe the TDE and TCSE produced by the uniform and nonuniform waviness on the races, which cannot be described by the previous uniform waviness models considering the TDE. It seems that the proposed model can provide a new dynamic modelling method for formulating the vibrations of a lubricated bearing with the uniform and nonuniform waviness on its races.
DESCRIPTION OF THE DYNAMIC MODEL
Surfaces of the races of a normal bearing are shown in Fig. 1 , which are usually modelled as smooth. The curvature radius at the contact point between the ball and normal race is timeinvariant. For an abnormal bearing with the waviness on its races, the surfaces of the races are corrugated ones. As shown in Fig. 1 , the curvature radius at the contact point between the ball and corrugated race vary with the contact position. Hence, the contact force between the ball and corrugated race is timevarying based on Hertzian contact theory, 15 which will cause unexpected vibrations and fatigue failures in the bearings. According to the results in Ref., 1 the wavelength of the waviness can be assumed to be much larger than the Hertzian contact radius between the ball and corrugated race.
According to the results in Ref., 8 a TDE will be produced when the balls are passing over the waviness. Moreover, according to Hertzian contact theory for a point contact, 12 a TCSE will be also produced besides the TDE. Because the curvature radius at the contact point between the ball and corrugated race is a time-varying value as shown in Fig. 1 . In the proposed waviness model, the races of the bearing are assumed not to bend under the loads from the balls; a circumferential sinusoidal wavy surface is used to formulate the corrugated race surface; the slip condition between the ball and race is neglected; and the balls are assumed to follow the contact surface contours continuously when the balls are passing over the races.
An NSW Model
As shown in Fig. 1 , the amplitude of the waviness is assumed to be with respect to the central point at a certain angle from the reference axis. Thus, according to the sinusoidal function, the amplitude of the nonuniform waviness can be defined by
where s describes the sth wave; N w is the number of the waves; Π ws , L ws and λ ws are the maximum amplitude, the arbitrary position, and the mean wavelength of the sth wave, respectively; λ ws is described as λ ws = θ ws R i waviness on the inner race θ ws R o waviness on the outer race ;
where R i and R o are the radius of the inner race and outer race, respectively; θ ws is the arc angle of the sth wave, which is given by
and L ws is described as L ws = R i θ dj waviness on the inner race R o θ dj waviness on the outer race ;
where θ dj is the contact angle between jth ball and race, which is defined as
where Z is the number of balls; j describes the jth ball, where j = 1, 2, . . . , Z; θ 0x is the initial angle of the first ball offsets to the X axis; ω c and ω s are the angular velocity of the cage and inner race, respectively.
Considering the effect of the initial amplitude of the waviness, Eq. 1 can be described as
where Π 0s is the initial amplitude of the sth wave (or constant clearance). When the initial amplitude, mean wavelength, and maximum amplitude of each wave are the same, Eqs. 1 to 6 can be applied to formulate the uniform waviness. In Eq. 6, the curvature of the sth waviness at the position L ws is defined as 
Therefore, the curvature radius of the sth waviness at position L ws can be described as
Contact Stiffness Between The Ball And The Race
For a normal unlubricated bearing, the total contact stiffness K d between one ball and two races can be described as
where n is the load-deflection exponent, n = 1.5 for ball bearings; K id and K od are the contact stiffness between the ball and normal unlubricated inner race, and that between the ball and normal unlubricated outer race, respectively, which can be calculated by
where E * is the equivalent elastic modulus of the contact components, which is described as
where E 1 and E 2 are the elastic modulus of the two contact components, respectively; nu 1 and nu 2 are Poisson's ratio of the two contact components, respectively; ρ is the curvature sum of the two contact components, which is defined as
where ρ I1 , ρ II1 , ρ I2 , and ρ II2 are the curvature of the two contact components. When the ball is in contact with the inner race of a normal unlubricated bearing, these parameters are described as
where d and D i are the diameters of the ball and normal inner race, respectively; r i is the curvature radius of the normal inner race. When the ball is in contact with the outer race of the normal unlubricated bearing, these parameters are defined as
where D o and r o are the diameter and radius of the outer race of the normal bearing, respectively. Moreover, Γ and are the first and second kinds of elliptical integral, respectively; and k is the elliptical eccentricity parameter, they can be defined as 
where ρ 1 and ρ 2 are described as, respectively
For an abnormal unlubricated bearing with the waviness, the curvature radius at the contact point between the ball and corrugated race is time-varying, which depends on the contact position between the ball and race. When the waviness occurs on the inner race, ρ I1 , ρ II1 , ρ I2 , and ρ II2 can be described as
When the waviness occurs on the outer race, these parameters can be defined as
Using the calculation methods presented from Eqs. 10 to 18, the contact stiffness K wi and K wo can be calculated. K wi and K wo are the contact stiffness between the ball and abnormal unlubricated inner race, and that between the ball and abnormal unlubricated outer race, respectively. The total contact stiffness between the ball and abnormal unlubricated races of the bearing can also be calculated by Eq. 9. According to the central film thickness relationship presented in Refs., 17, 18 for an elastohydrodynamic lubrication condition, the dimensionless central film thickness at contact area between the ball and races can be described as
where U , G, and Q are the dimensionless speed parameter, dimensionless material parameter, and dimensionless load parameter, respectively; κ is the elliptical ratio. More details about the above variables are listed in Refs. 14, 19 The central film thickness at the contact area between the ball and lubricated race can be defined as
where R is equivalent radius for the two contact components. When the ball is in contact with the lubricated inner race, it is described as
where γ is defined as
where R b is the radius of the ball, α is the contact angle, and R m is the pitch radius. When the ball is in contact with the lubricated outer race, it is described as
The stiffness of the lubricating film oil between the ball and race can be defined as
where Q is the contact load. In this work, only the central film thickness of the lubricating oil at the contact area between the ball and lubricated race is used to calculate the stiffness, and the deformation of the elastic solid is not included. For an elastohydrodynamic lubrication condition, the total contact stiffness K do between the ball and the race can be described as
Then, the total contact stiffness K e between the ball and lubricated inner race or outer race can be defined as
where K doi and K doo are the contact stiffness between the ball and lubricated inner race, and that between the ball and lubricated outer race for the elastohydrodynamic lubrication condition, respectively. Moreover, since the elastohydrodynamic conditions are assumed, any emerging clearances in the bearing, deviating from elastohydrodynamics would not be taken into account. 16 Although no radial clearances are assumed to emerge in the current analysis, they in fact do. 16 
Equations of Motion
The ball-race contact in a ball bearing is assumed to be a lumped spring-mass system with two degrees-of-freedom, as shown in Fig. 2 , which is applied to study the effect of the waviness on the bearing vibrations. In fact, ball bearings are subjected to moment loading and most require five degreesof-freedom, which is formulated in Ref. 20 This model ignores moment loading of the bearing and at best is only applicable to deep groove ball bearings. This modelling method is based on the method in Ref. 21 Effects of the damping, waviness on the races, and lubricating film oil were not formulated in Ref. 17 Hence, the model in Ref. 17 is only applied to analyse vibrations produced by the time-varying compliance for a rolling element bearing. To overcome this problem, the model is extended to formulate effects of the time-varying compliance, damping, and waviness on the races; and lubricating film oil on the vibrations of the bearing. The proposed model can formulate the TDE and TCSE of the lubricated bearing produced by the uniform and nonuniform waviness on its races.
The governing equations of motion of a lubricated bearing with two degrees of freedom are described as
(29)
where m is the total mass of the shaft and inner race; c is the damping coefficient, which is calculated by the method in Figure 2 . A lumped spring-mass system for a ball bearing.
Ref.
; 7 x and y are the displacements along X-and Y -directions, respectively;ẋ andẏ are the velocities along X-and Ydirections, respectively;ẍ andÿ are the accelerations along Xand Y -directions, respectively; F x and F y are the components of the external force applying on the shaft; κ e is the total contact stiffness between the ball and the races. In addition, λ j is the loading zone parameter for the jth ball, which can be defined as
where δ j is the total contact deformation of jth ball at an arbitrary angle, which is described as
where γ is the internal radial clearance, Π j is the TDE corresponding to each waviness case at the location of the jth ball, h ij and h oj are the central film thickness between the ball and inner race at the location of the jth ball, and that between the ball and outer race at the location of jth ball, respectively.
RESULTS AND DISCUSSION
To obtain numerical results from Eqs. 29 and 30, a fourthorder Runge-Kutta method with a constant time step is applied. Dimensions of a deep-groove ball bearing are studied as listed in Ref. 22 The total mass of the shaft and inner race is assumed to be 0.6 kg, the shaft rotates at 2000 rpm, and an external radial load of 20 N is applied to the shaft along Y -direction. The time step is assumed to be 5 × 10 −6 s in this study. The initial displacements along X-and Y -directions are x 0 = 10 −6 m and y 0 = 10 −6 m, respectively. The initial velocities along Xand Y -directions are zero.
Effect of the Lubricating Film Oil on the Contact Stiffness Between the Ball and Races
In this section, three different waviness cases are studied as follows: i) for first case, which denotes the uniform waviness, where W S = 1, N w = 8, Π 0s = 0 m, and Π ws = 2 µm; ii) for second case, which denotes the nonuniform waviness with two different waves, where W S = 2, N w = 8, Π 0s = 0 µm, and Π ws are 3 µm and 4 µm, respectively; iii) for third case, which denotes the nonuniform waviness with three different waves, where W S = 3, N w = 9, Π 0s = 0 µm, and Π ws are 5 µm, 6 µm, and 7 µm, respectively. Figure 3 depicts that the contact stiffness between one ball and inner race or outer race with the waviness increases with the maximum amplitude of the waviness for the unlubricated and lubricated bearing. These results from the proposed nonuniform waviness model cannot be formulated by the previous uniform waviness model. In addition, the contact stiffness between one ball and lubricated inner race is less than that between one ball and unlubricated inner race. The contact stiffness between one ball and lubricated outer race is also less than that between one ball and unlubricated outer race. However, the effect of lubricating film oil on the contact stiffness between the ball and race with the waviness is not very significant.
Effect of the Lubricating Film Oil on Vibrations for the Uniform Waviness
To study the effect of the lubricating film oil on the vibrations of the bearing with the uniform waviness, three different uniform waviness cases are assumed, where W S = 1, N w = 16, Π 0s = 0.2 µm, and Π ws are 3 µm, 6 µm, and 9 µm, respectively. Figure 4 shows that the peak-to-peak values of acceleration responses of the unlubricated and lubricated bearing increase with the maximum amplitude of the uniform waviness on the inner race and outer race. The effect of the uniform waviness on the vibrations of the bearing with the uniform waviness on its inner race is larger than that of the bearing with the uniform waviness on its outer race for the unlubricated and lubricated conditions. The peak-to-peak values of acceleration responses of the lubricated bearing with the uniform waviness on its races are less than those of the unlubricated bearing with the uniform waviness. For the studied waviness cases on the inner race, differences of the peak-to-peak values of the acceleration responses between the unlubricated and lubricated bearing are -24.02%, -25.01%, -33.18%, and -19.44%, respectively. For the studied waviness cases on the outer race, differ- Here, the waviness case with W S = 1, N w = 16, Π 0s = 0.2 µm, and Π ws = 3 µm is studied. Figure 5 gives that the amplitudes of the spectra of acceleration responses of the lubricated bearing with the uniform waviness on its races are less than those of the unlubricated bearing with the uniform waviness on its races. Furthermore, the peak frequencies of the spectra of acceleration responses of the bearing with the uniform waviness on its races will be changed due to the lubricating film oil.
Effect of the Lubricating Film Oil on Vibrations for the Nonuniform Waviness
To study the effect of the lubricating film oil on the vibrations of the bearing with the nonuniform waviness on its races, two waviness cases are assumed as follows: i) a nonuniform waviness case, W S = 1, N w = 16, Π 0s = 0.2 µm, and Π ws is 3 µm; ii) a nonuniform waviness case including two difference waves, W S = 1, N w = 16, Π 0s = 0.2 µm, and Π ws are 3 µm and 6 µm, respectively. Figure 6 plots that the amplitudes of the spectra of acceleration responses of the abnormal lubricated bearing with the nonuniform waviness on its races are less than those of the abnormal unlubricated bearing with the nonuniform waviness on its races. Note that the peak frequencies of the spectra of acceleration responses of the abnormal bearing with the nonuniform waviness on its races will be also changed by the lubricating film oil.
The initial amplitudes of the cases in Fig . 7 are assumed to be 0.2 m. As shown in Fig. 7 , the amplitude of the spectrum of acceleration response of the abnormal lubricated bearing with the nonuniform bearing including two different waves on its inner race is larger than that of the abnormal lubricated bearing with the uniform waviness whose maximum amplitude is same as the smaller maximum amplitude of the nonuniform waviness including two different waves, as well as that on its outer race. However, it is less than that of those whose maximum amplitude is the same as the larger maximum amplitude of the nonuniform waviness including two different waves when the nonuniform waviness occurs on the inner race or the outer race of the abnormal lubricated bearing. Moreover, the peak frequencies of the spectra of acceleration responses of the abnormal lubricated bearing will be changed by the nonuniform waviness on its races.
CONCLUSIONS
A new dynamic modelling method considering the TDE and TCSE produced by the nonuniform waviness on the races of a lubricated bearing is proposed. Effect of the maximum amplitude and nonuniform distribution of the waviness on the contact stiffness between one ball and race are studied, as well as the bearing vibrations. The following specific conclusions can be drawn:
1) The proposed model can model the TDE and TCSE by the uniform and nonuniform waviness on the races of a lubricated bearing. The previous waviness model can only model the TDE produced by the uniform waviness on the races of an unlubricated bearing.
2) The contact stiffness between one ball and inner race or outer race increases with the maximum amplitude of the waviness. The peak-to-peak values and amplitudes of the spectrum of acceleration response of the lubricated bearing are less than those of the unlubricated bearing.
3) The fundamental frequency of acceleration responses of the bearing with the nonuniform waviness is the same as that of the uniform waviness. The amplitudes of the fundamental and peak frequencies of the spectra of acceleration responses for the nonuniform waviness are larger than those for the uniform waviness. The peak frequencies of the spectra of acceleration responses of the bearing with the nonuniform waviness will also be changed by the lubricating film oil.
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